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Abstract and PREAMBLE

Heterotic string models in 4-dimensions are Hybrid theories

of Left-moving N = 1 fermionic string whose additional 6-dimensions are
compactified on a N = 2 SCFT theory with the central charge 9,

and of Right-moving bosonic string, whose additional dimensions are also
compactified on N = 2 SCFT theory with the central charge 9,

and whose remaining 13 dimensions form the torus of E(8) x SO(10) Lie
algebra.

The important class of exactly solvable Heterotic string models considered
earlier by D. Gepner corresponds to the products of N = 2 minimal models with
the total central charge ¢ = 9. These models are known to describe Heterotic
string models compactified on Calabi-Yau manifolds, which belong a special
subclass of general CY manifolds of Berglund-Hubsch type.

We generalize this construction to all cases of compactifications on Calabi-Yau
manifolds of general Berglund-Hubsch type, using Batyrev-Borisov
combinatorial approach.

We show how the number of 27, 27 representations of E(6) and Singlet
representations of E(6) are determined by the data of reflexive Batyrev
polytopes that determines considered CY-manifold.
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Introduction

The Gepner construction of Heterotic string models starts as a product of two
CFTs with the critical central charges.

Namely, the models are the product of Left-handed Fermionic string obtained
from an N = 1 CFT whose extra 6 dimensions are compactified into a product
of Minimal N = 2 SCFT models with a total central charge of 9,

and Right-handed Bosonic string whose extra 9 dimensions are also
compactified onto a product of minimal models.

The remaining 13 Right dimensions form a torus of the algebra E(8) x SO(10).

As a result these models obtain the N = 1 Space-Time Supersymmetry, arising
from GSO reduction on Left side,

and the Gauge symmetry E(8) x E(6) Lie algebra (whose subalgebra is

SU(3) x SU(2) x U(1)) arising from a similar reduction on Right side.
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Introduction

This work is a generalisation of Gepner construction. We construct the models
of Heterotic string compactified on the product of a torus of E(8) x SO(10) Lie
algebra and on Calabi-Yau manifolds of general Berglund-Hubsch types.

The method uses the Batyrev-Borisov combinatorial approach, to implement a
vertex algebra realized by free bosonic and fermionic fields for the states of the
Calabi-Yau sector.

The construction uses the requirement for the simultaneous fulfillment of
Mutual locality of the Left-moving vertices with the N = 1 Spaci-Time SUSY
generators and of Right-moving vertices with generators of E(8) x E(6)-Gauge
symmetry.

After this, the requirement of mutual locality of the products of the Left and
Right vertices of physical states with each other together with other
requirements of the Conformal bootstrap, leads to a self-consistent result
precisely for the above-chosen torus E(8) x SO(10).

Based on these requirements, we explicitly construct Vertex operators of the
physical states of the theory in the following order.
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The original Conformal field theory

The construction of Heterotic string starts with a theory that is the product of
two Conformal Field theories:

N =1 SCFT on the Left, holomorphic side and

N = 0 CFT on the Right, antiholomorphic side.

In Left sector we have the product of the 4-dimensional N =1 CFT for the
subsector of Space-Time with central charge 6, and the N =1 CFT for the
compact Calabi-Yau subsector with central charge 9, so that the total central
charge in the left sector is ¢ = 15.

N =1 SCFT of Left ST subsector is the theory
of 4 free bosons x*(z) and 4 Majorana fermions ¥*(z).

N =1 SCFT of Left CY subsector with central charge 9 is the theory
of free bosons X (z) and Majorana fermions W(z), where i = 1, ..., 5.

The algebra of vertex operators in this subsector is determined by the data of a
Calabi-Yau manifold of Berglund-Hubsch type.
Left-moving energy-momentum tensor is (others will be defined later)

1

v 1 v
T(2) = 5w Ox"Ox" + S (2)00" (2) + Téx (2).
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The original Conformal field theory

In Right sector we have the product of four N = 0 Conformal Field theories:

CFT Space-Time subsector with central charge 4, realized by 4 bosonic fields
xH(2),

CFT E(8) subsector with the central charge 8, realized by 8 free boson fields
Yi(z),I =1,...,8 compactified on the torus of the E(8) algebra,

CFT SO(10) subsector with the central charge 5, realized by 5 free bosonic
fields ®4(z), « = 1, ..., 5 compactified on the torus of the SO(10) algebra,
CFT Calabi-Yau subsector with central charge 9.

So that the total central charge in the right sector is ¢ = 26.

The CFT of CY subsector with the central charge 9 is realized similarly to the
left one by free bosons X:*(z) and Majorana fermions Wi (z), where i =1, ..., 5.
Right-moving energy-momentum tensor is

1 s,z 1= 1 -
T™(Z) = o ORI OR” + 5(aYI)2 + 5(a%)? + Toy (7).
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Calabi-Yau manifolds and N=2 SCFT

Following to Borisov we construct of N=2 SCFT models corresponding to
Calabi-Yau models of the Berglund-Hubsch type in terms the free fields.

The N = 2 Virasoro superalgebra generators in this construction are expressed
in terms of the free bosons X:*(z), the Majorana fermions W (z), where
i=1,..,5.

We will also use the free boson fields H;,i =1, ..., 5, in terms of which the
Majorana fermions are expressed as Wi (z) = exp [+iH;(z)].
The operator product expansion (OPE) of these fields looks as follows

X (W)X (2) = &jlog(u —2z) + ...,

¢i+(u)¢j_ (z) = &ij(u—2z) "' + ...,
H;(u)H;(z) = —dij log(u — z) + ...
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N= 2 Super-Virasoro algebra
The currents Tcy(z), Gy (z) and the U(1) current Joy(z) that form N = 2
Virasoro algebra of Calabi-Yau subsectors look as follows

Tev(z) = > _[0X{0X; + 5 (awﬂu +ow v 2 (raQX;+a;a2xi+)],

i=1

Gy (2) = V2 [(W 0X; + 0w e )],

Goy(z) = V2 Y [(W7 09X + v a)),

5
Jov(z) = > Wi +af0xX; —a; 0X{].

i=1
It is also be useful to represent the currents Tcy(z) and Joy(z) in the
following equivalent bosonic form

Toy(z) = Z[ax*ax* (8Hi)2 + %(af@%(f +am9°X),
i=1
5
Jov(z) =9 [iHi+af X; —a; X{] = 0Hov(2).
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Calabi-Yau manifolds and N=2 SCFT

The vectors & and 2~ depend on the Calabi-Yau manifold selected for
compactification on it.

Below we will show how to do this , and also that the scalar product of these
vectors (a1,37) is equal 1.

The central charge c of the N = 2 Virasoro algebra under consideration is

expressed through these vectors as follows

5
C_ + -
§—5—2§1aiai.

These statements will be explained below.
Thus, the central charge of the left and right Calabi-Yau subsectors is 9, which
is necessary for Heterotic string theory to be self-consistent.
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Berglund-Hubsch type CY manifolds and N=2 SCFT models

Calabi-Yau manifolds of BH type are defined as a hypersurface (or its orbifold)
in the weighted projective space P defined by the equation

5 5

W(y1,..,y5) = Zl_[yjAij =0.

i=1 j=1

Here k = ki,...,ks, where k;,i = 1,...,5 are the weights of P

W(y1,...,y5) is a nondegenerated polynomial with invertible integer matrix Aj;.
It is assumed that the variables y; have positive rational degrees q; = %, and
d= Zf’zl ki, such that > Ajjq; = 1 for all i.

The polynomial W and the monomial ]_[i5:1 yi are homogeneous with respect to
the replacement y; — exp(i27q;)y;j.

The symmetry group G described above always exists, since it simply follows
from the self-consistency between the data of the projective space Pj: and the
polynomial W.

Let's call it the "minimum admissible group.”
The maximum allowed group can be larger. How much exactly depends on the
projective space of the data.
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Berglund-Hubsch type CY manifolds and N=2 SCFT models

The mirror CY-manifold is defined by the mirror polynomial W™ with the
transposed matrix A;Jr in the mirror projective space Pz,

and by the dual admissible group GT.

This group will be determined automatically from the duality requirements.

From the described Berglund-Hubsch data, the potential W and the initial
admissible group G, one can obtain the Batyrev-Borisov combinatorial data,
which will be used in constructing the Calabi-Yau sectors in the Heterotic
string.

This can be done as follows. Let My and Ny be two integer 5-dimensional
lattices with bases uj and vj, whose pairing is

Vi = Ay,
where Aj; are the exponents of the potential W.
The solution to these equations can be chosen as follows
(@); = Ay, (Vi); = dy.

We define vectors & and a~, which are related to vectors 1} and v} as follows
-+ 1 * — o— 1 -
a = 5 E ki ui, a = a E kJVj.
i i

It is easy to verify that these vectors satisfy to the following equations

#-a =1, at-¥=1.
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Berglund-Hubsch type CY manifolds and N=2 SCFT models

Define the extension of the lattices My and Ny to a pair of dual Batyrev lattices
M and N for the case when the group G for the polynomial W is minimal.

First, to perform this we extend the lattice Ny to the lattice N = No +a~.
In the next step we find the basis of the lattice N.

We denote its elements as ¢* 5=, 5.

Then we find the basis of the dual lattice M as the five vectors €, whose
pairing with &3, (o, =1,...,5) is

§a . ej‘g = (5a’g.
In what follows, an important role in the construction of heterotic strings will
be played by the set of elements mi € M and @ € N belonging to M and N, as

well as the reflexive Batyrev polyhedra A* and A~ inside these lattices.
The latter means means that m € AT and T € A, if
m-a =1, & -a=1

It follows that the central charge in the subsector CY is equal to 9.
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Berglund-Hubsch type CY manifolds and N=2 SCFT models

In constructing the vertex algebra of Heterotic string we will use vertices
corresponding to the points of the dual lattices M and N.

To construct fermion states we also need to use in both, Left and Right sectors
vertices corresponding to M =+ 2a* and N & 1a~ elements.

The reason for this extension is that we want to build not just a SCFT model,
but Heterotic string theory that includes SCFT of CY as subsector.

Therefore, since we have a diagonal N =1 SCFT in the left sector (and also in
the space-time and CY subsectors), then in both its subsectors the vertex
operators must simultaneously belong to either the Ramond (R) or the
Neveu-Schwatz (NS) type.

For the theory to be consistent, we need both options. Moreover, in the
absence of vertex algebras of both types (NS-type and R-type), we cannot
obtain space-time SUSY.

A similar situation occurs in the right sector.
This will be explained below when we construct vertex algebras first in the left
and then in the right sectors.
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Berglund-Hubsch type CY manifolds and N=2 SCFT models

Following to Borisov we define the Vertex algebra of Heterotic string as the
cohomology in respect to the set diffentials Dz and Dg

Dm fdu - W (u) exp(im - X Zmlygduexp (—iH; + @ - X (u)),

Dz %dun Ut (u) exp(ii - X*+(u anygduexp (iH; + 1 - X*+(u)),
D% = D = {Di, D) = {Ds Dt} = {Ds, D} = 0

where M € AT and T € A™.

The integrands in the definition of the differentials Dz and D, as can be
verified, are BRST-invariant total vertices of the Heterotic string.
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Berglund-Hubsch type CY manifolds and N=2 SCFT models

Calabi-Yau multiplier of any total vertex operator of Heterotic string contains
an exponential factor of the following form

5
exp <iZSiH1+f5v}z +q‘->€+> ,
i=1
whose dimensions is
3 o 1= I
ASB,d) =58 +5-d+5 (F-a +q-a").
These CY factors of the vertex operators have the following properties.

Firstly, their vectors S, D, 4 must be elements of three 5 dimensional lattices
to satisfy the OPE axioms.

Secondly, their dimensions must be equal, as we see, to 0 or 1/2 modulo an
integer in the NS-case, or equal to 3/8 modulo an integer in the R-case.

Thirdly, they must be be mutually local with the differentials Dy and Dy.
For this, the parameters §, D, d must satisfy the requirement that the pairing
(B,&7) and (&, @) be integers or half -integers for all § and G.

It follows that if the vertex operator belongs to the NS-sector, then all S; are
integers, p € M and G € N, and if the vertex operator belongs to the R-sector,
then all S; are half-integers, p € M+ 18" and Ge N+ 1a~.
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Berglund-Hubsch type CY manifolds and N=2 SCFT models

For shortness, we will call the subset of states belonging to the intersection of
the BRST cohomology set defined by the differential Qerst and the Borisov
cohomology set defined by the differentials D,, and D,, the Space of
quasi-physical states.

Below we find two additional reductions of this set that lead to an extension
in Left sector of Poincaré symmetry to N = 1 Space-Time Supersymmetry, and
in Right sector to an extension of E(8) x SO(10) to E(8) x E(8).

It is this set that will be the space of physical states of the Heterotic string
theory.
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Left-moving sector, N=1 SCFT

In Left sector we have the product of 4-dimensional N = 1 CFT for Left
space-time subsector consisting of 4 bosons and 4 Majorano fermions with the
central charge of 6 and

N =1 SCFT for compact CY subsector with the central charge of 9, so that
the total central charge in Left sector is ¢ = 15.

The N =1 CFT of Left Space-Time subsector is a theory of 4 free boson fields
x*(z) and 4 Majorana fermion fields ¥*(z)

x"(z)x"(0) = =" logz + ...,
(2" (0) =zt + ..,

As for the N = 1 CFT of Left Calabi-Yau subsector, this is the above-described
theory of free bosons X:(z), fermions W(z) and free boson fields
Hi,i=1,...,5 bosonizing the fermions.

Here the N = 1 symmetry corresponds to the subalgebra of the N = 2, which
was defined above when representing the CY subsectors.
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Left-moving sector, N=1 SCFT

The total left-moving N = 1 Virasoro algebra is the diagonal subalgebra in the
direct sum of the Calabi-Yau compact subsector, introduced above
and of the N = 1 Virasoro algebras of space-time degrees of freedom

TL(Z) = TgT(Z) + TIéy(Z),

GM(2) = Clir(z) + Gliv (2),

Thy = —S0x"(2)0%u(2) — S0 ()0 (2),
Gst(z) = 0x"u(2),

GLoy(2) = Géy + Gey (2)-

This N = 1 Virasoro superalgebra action is correctly defined on the product of
only NS-representations or on the product of only R-representations.
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Left-moving sector, N=1 SCFT

We use BRST approach to define the physical states.
The BRST charge is given by the integral

1
QBRST = %dZ[CTmat + 'YGmat + i(CTgh + 'VGgh)]y
where we introduced the ghost fields and N = 1 Virasoro superalgebra of the
ghosts
B(z)v(0) = —z b(z)c(0) = o
1
Tan = ~0be — 2bdc — 9y — 3687,

Ggn = 0fc + gﬂac — 2bry.
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Left-moving sector, N=1 SCFT

The ghost space of states is characterized by the vacuum V(z), which can be
realized as a free scalar field exponent

Va(z) = exp(ag(2)), ¢(2)¢(0) = —log(z) + ...
The left-moving vertex can be written as
Vi = P(0"x*,0'., 0"H;, 0°X{, 9°X; ) x
5
X exp (qd) 4N H, +1i Z SiH; + pX~ +gX' + zpux“(z)> .
i=1

Here P is a polynomial of the derivatives of the corresponding boson fields
including the fields Ha,a =1, 2.
These fields bosonize the Fermi fields of spacetime subsector as follows

ﬁa(z)ﬁb(O) = —daplog(z) + ..., a,b=1,2.

L 4 t) = exp [afl], =

7 \/i(w + 1)) = exp [£eHa].
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Left-moving sector, N=1 SCFT

The dimension of the left-moving vertex VI%

A" (f) = Dgn(q) + Ast + Aby,

where ( )
+ 2
Agh(q):—%’
1=
AL — 132
ST 2)‘7
1~ 1 1
N T < B T
Y =5 +pq+2pa+2qa

The phase of the vertices VI;(u) and V;,(z)

2mi i fi = AY(fi + i) — A" (jT) — A" ().
It follows that

fi-fi=—-qd +X-N+S-S+p-d+p-q
The vector A\* in exp(z)\aﬁa) must satisfy the requirement of consistency with
the structure N = 1 on the left side.
Therefore, in NS sector the vectors X fall into the classes [0] and [V], and in R

sector the vectors X fall into the classes [S] and [C] of SO(1,3) lattice.

—/

The integrality of [i- i’ is the condition of mutual locality of two vertices.
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Massless left movers and N=1 Space-Time supersymmetry
The vertices of massless physical states play two roles:

The first is that it is the states of this set that must correspond to the observed
elementary particles.

The first is that it is the such states must correspond to the observed
elementary particles.

The second is that some of such vertices can be used to extend the symmetry
of the theory. Namely, they can be taken as currents whose integrals become
additional generators for this extension.

Requiring the vertices to be cohomologies of QgrsT, D and Dg
simultaneously
in the NS-subsector we get the left-moving vertex of massless vector boson

exp(—¢(2))¢" (z) exp (1p.x"(2)) ,
which can be rewritten using bosonization as
exp (—gb(z) + N, + zpux"(z)) X = (£1,0), X = (0, £1).
Also we find the left-moving vertex of massless scalar bosons
Vi = exp(—¢ +1ii- X~ +1pux*(2)),
Vi = exp (—¢(z) + i1 - X" +1pux(2)),
where i € AT and T € A~
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Massless left movers and N=1 Space-Time supersymmetry

In Ramond subsector with canonical picture number (—

of the massless spinors

JE(3,5) = exp (—lqﬁ—i—z&'-

JE

48 Ha (X

1 U

—543-1-10 H+1S H:tg(X
1 R

§¢+w H+:1S H:tg(X

1 ERNE

§¢+w H+ S Hii(X

i S G o)

-a f}ﬁ(*-éﬁ)expzpux

1) we find the vertices

exp(wp,x”(2)),

(2)),

. g{+)) exp(wppx’(z)),

exp(1pux*(2)),
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Massless left movers and N=1 Space-Time supersymmetry

All of these vertices are BRST cohomology, but the ones that are also
cohomology of Dz and Dz are only the following vertices

Ji=exp (fédﬂrz&'-ﬁJr %Héy) ,

Tu

_ 1 5 1
J; =exp <—§¢+w~ - §H15Y> ,

1 Loz o1
Il =exp (—§¢+25~H+§HI§Y),

—
q

1 =z 1
> = exp <—§¢+15~H— §HIE;Y> ,

where Hgy (z) = 32, (il + aX;” — a; X{") and we have omitted the factors

exp(ep,x*(2)).
The first two currents J; and J, are mutually local, as are the other two

currents.
We will use the first pair to extend Poincaré symmetry to N = 1 spacetime

supersymmetry.
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Massless left movers and N=1 Space-Time supersymmetry
We select the pair of currents J*(&,S) to determine N = 1 super-Poincaré
supercharges as follows

Q, = fdu Ji(u) = jéduexp (—%qﬁ—i—z&'-ﬁ—&— %HI{;Y> ,

Qs = y{du Jo(u) = ?{duexp <—%¢>+13~f1 - %HI(;Y) .

The supercharges O, and Q; are spinors with respect to the Poincaré algebra
and, together with the generators of this algebra, P, and J,,, form N =1
Poincaré superalgebra.

In order to obtain N =1 Spgce—Time supersymmetry in the theory, we must
leave from the vertices of VEL, where [, = (q, X, QI@Y), which are the
cohomologies of QrsT, Dm, Dn only those vertices that are mutually local
with J¥ and J;.

These vertices are mutually local with the currents J} and J7 if

A+ > N +Qby €2Z

where Qgy = >, Si+p-a —§-a" is U(1) charge of Calabi-Yau subsector.
This equation is nothing more than GSO condition for the vertices in the Left
sector. From GSO equation it follows that the total internal charges Q%y of

the vertices are integers or half-integers.
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Massless left movers and N=1 Space-Time supersymmetry
This can be obtained explicitly. The vectors X are weights of the algebra
SO(1,3) (and SO(2n)), belonging to one of the four conjugacy classes of the

weight lattice.
(0) : (0,0,0,...,0) + any root;

(V) :(1,0,0,...,0) + any root;
1
(S): (5, 5050 5) + any root;

1
(C): (—27 5757 5) + any root.

From GSO equation it follows that in N__S sector the vectors A fall into classes
[0] and [V] and in R sector the vector A fall into classes[S] and [C] of SO(1, 3).
Therefore, we obtain the connection between the conjugacy class of A\ and the
U(1) charge of the CY factor for all 4 cases of left vertices.
In the NS sector we get

Qéy €2Z+1, X€|[0],

Qby €22, Xe[V].

In the R sector we get
1 =
Qey €22+, Xels],

1 -
Qéy € 27 — 5 AelCl.
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Right-moving sector, N=0 CFT
The space-time subsector of the Right-moving sector with the central charge 4
contains boson fields X*(Z).

To obtain in Right sector Bosonic string with the total central charge 26,
we add boson fields Y1(z), I = 1, ...,8 which are compactified on the torus of
the algebra E(8) with the central charge 8,

we also add the bosons ®(z), compactified on the torus of the algebra SO(10)
with the central charge 5.

The final contribution is given by the right-moving part of the compact
Calabi-Yau subsector with the central charge 9.

Then the energy-momentum tensor and general right-moving vertex are

1 _
Tnat (Z) = (nwax“aXV + (8Y1)? + (0%4)% + x

Mm

x + Y (0K 0X; + %(awrw; + 0w ) + %(a?@"’)‘(; +a; 9°XY)).

1

[ASTRON
"El i

Viin (Z) = Pen(b, €)Pue (9X)Pine (Y, 804, Hi, X, XT7)
5
exp (M)IYI + N O + iz SHi+9-X"+3-X"+ wppx’(2)),
i=1

77 is vector of E(8) root lattice, and L is vector of the SO(10) weight lattice.
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Right-moving sector, N=0 CFT
Among the vertices we find, as in the left sector, BRST-invariant massless ones.
First of all this is SO(1, 3) vector V¥(z) = 10X"(Z).

We also find the currents of E(8) algebra
J(z) =9Y'(2), 1=1,...,8, J«(z) = exp 1 Y'](2), & =2,

€ =

. (£1,+1,0,0,0,0,0,0) + permutations,
(£3,...,£%) + permutations, even number of + %

where the vectors € are the roots of E(8) algebra.
Also there are the currents of SO(10) algebra:
Ja(z) = 1004(7), a=1,...,5,
J5(7) = exp [1pa®al(2), pa = £1, Y (pa)’ =2,
where the vectors p’ are the roots of SO(10)
= (£1,+1,0,0,0) + permutations,

and the current of U(1) algebra of the right Calabi-Yau sector

ch(Z) 8Hcy(Z) Hcy( ) Z(IH, + af)_(f — af)_(f)

i=1
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Right-moving sector, N=0 CFT

In the Right sector we find also massless SO(10) spinors

TE () = exp (1waPa + %I_{cy)(i)
1 1
Wa = ii’ Zwa = 3 mod 27,
. 1.
J5(2) = exp (woa®a £ 5 Hev)(@),

. 1 . 1

Wa = :I:E, Zwa = ~5 mod 27Z.
The currents J3 is mutually local with J, and J; is mutually local with J3.
All these currents are cohomologies of the differentials Dz and Dj.

By choosing one of these pairs (we choose J3(Z), J;) and adding them to the
currents of the algebra SO(10) and the algebra U(1),
we extend the product of the algebra SO(10) x U(1) to the algebra E(6).
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Right-moving sector, N=0 CFT
One can rewrite the Eg currents in terms of simple roots of Eg

o R -
Q; =e€e1 —ez, ..., 4 = €4 — €5, A5 = €4 + €5,

ol

1 3
6 = —5(61 +...t+es)+ geos,

where e; are the orthonormal basic vectors in R®.
So that the Cartan subalgebra currents are

Ji(Z) = 1@ 5ﬁ(2), j=1,...,6,where
H(z) = (Hi(2), ..., Hs(2), Ho(2)),
Ho(z) = Hov(2) = Y (i +a X[ —a; X).
i=1
The currents of ladder E(6) operators are given by
E;(Z) = exp [1d;H](2),

Fi(7) = exp [~ H](Z), j = 1,...,6.

E(6) gauge symmetry (and not any other) in Right sector ensures
self-consistency of the theory whose Left sector has N = 1 spacetime SUSY.

Remarkably, it is precisely these symmetries that are necessary for the Grand
Unified Theory.
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Right-moving sector, N=0 CFT

In the right sector we also find a massless boson vertex that belongs to the
one-dimensional representation of SO(10)

VL}]] =exp oy +1-X7),

another massless boson vertex that belongs to the 10-dimensional
representation of SO(10)

V%O] = exp (1K P4+m- )Z_),

and one more massless boson vertex that belongs to the 16-dimensional spinor
representation of SO(10)

—

N - 1=
VB — exp (i(A + @) - & + 5 Hoy - X7),

where i € A*, A = (£1,0,0,0,0) + permutations and A + & = @ .

These three types of vertices are the cohomologies of the differentials D,z and
Dy and, as will be shown below, form a 27-dimensional representation of E(6).
The right massless sector also contains 27 representations of E(6), which are
similarly constructed from dual representations of SO(10) whose vertices
depend on i € A™. The numbers of representations 27 and 27 are equal to the
number of points in the reflexive Batyrev polytopes for a given CY-manifold.
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Right-moving sector, N=0 CFT

Finally, the fourth class of massless right vertices, which are also BRST, Dy
and Dy cohomology, are E(8) x E(6) singlets

5
V(S 1, 1) = exp (i) SiHi+mi- X~ +i- X' +p,X*)(2),

i=1

whose dimension

o . L
AG ) = > e D T
2 2
and U(1) charges
Qov (S, i, i) = Zs +i-d—m-d =0

a" =1,thatism e At and i € A™.

Il
=11

Here m - a~
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Right-moving sector, N=0 CFT

There are three types of solutions to all the above requirements that are
imposed on the E(8) x E(6) singlets.
The first type of the singlet vertices is

V(S,m, i) = exp(m-X~ +1i- X" 4 1p,X")(2)

, where the vectors M € A", i € A~ and their product 1m - i1 is equal to 0.
The second type of the singlet vertices is

V(S 1, &) = > mjexp (—ili + i - X +1p,X*)(2))

i

, where mi € A™.
The third type of the singlet vertices is

V(S, 1, 7) = > niexp (iHi + i - X +1p,X*)(2))

1

where i € A™.
The total number of singlet massless states determined by these conditions in
the case of Quintic coincides with the result of D. Gepner
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Massless right movers and E(6) gauge symmetry

To obtain the E(8) x E(6) gauge symmetry in the constructed model, we need
to restrict the space of states in the right moving sector to a set of states
compatible with the action of the E(8) x E(6) generators.
This means that we have to choose and keep among the vertices that are
BRST cohomology, D and Dj, only those that are mutually local with the
currents E(8) and E(6).
These requirements are met if the following "GSO"consistency equation*s are
satisfied

g-NeZ, e i€,

1
w-/\+§Q2Y€Z.
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Massless right movers and E(6) gauge symmetry

From the "GSO"equation*s in the right-moving sector we get that the SO(10)
parts of the solutions of the right vertices, that fall into one of the four
conjugacy classes of the SO(10) weight lattice, determine the sixth Calabi-Yau
component Q% as follows

A€ 0] = Qby € 22,

A€ V]= Qby €2Z +1,
- 1

Ae[S]:Q%Ye2Z—§,
- 1
Ae[C]:»QfC‘YGQZ+§.

The data of the above-considered vertices satisfy these conditions.
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Mutual locality of the full physical vertices

The complete vertices of a Heterotic string must be left and right BRST
invariant, obey the left GSO equation* and the right "GSO” equation*, be
cohomologies of Dy, and Dy, and be mutually local with respect to each other.
We start our search of full mutually local vertices among the so called
“quasi-diagonal”. The “quasi-diagonal” full vertices are given by the following
product of GSO-invariant left-moving and “GSO"-invariant right-moving factors

exp (q¢ + WX +iSy, - Hy, + prXy + QLXE)(Z)X
x exp (1Y + 1Aa®” +iSrHr + Br - Xg + dr - X1)(2),

where

SL = Sr, PL = Pr, qL = gr.
The product of two such vertices after moving one around the other receives a
complex factor, the phase of which has the following form

2mi(fiv - fit, — fir - fin) = 2m(—ad’ + X - X — K- N).
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Mutual locality of the full physical vertices

The mutually locality requirement

imposes certain correlations between the classes X and A. The reason for this is
the requirements of compatibility formulated above lead to a correlation
between the picture number g, the conjugacy classes of X and the CY U(1)
charge in the left sector. The same is true for the correlation between the A
classes and the CY charge U(1) in the right sector, which are required for

fiv, - fi, — fir - fir € Z

compatibility with the E(6) symmetry.

Taking into account also that for quasi-diagonal full vertices with
Qv — QB&y € Z, we get four types of them, which satisfy the following

requirements

L
QCY7

L
QCY7

L
QCYa

L
QCYa

R
QCY

R
Qcy

R
Qcy

R
Qcy

€ 2Z = Xe[V], Ae]0],
€2Z+1= Xe[0], Ae[V],

1
GQZ+§:> Ae[C], AeC],

GQZféi A€ [S], Ae[S].
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Mutual locality of the full physical vertices

These vertices are mutually local due to the proper correlation of the internal
charges Q&y, SO(1,3) and the weights A and SO(10) weights A.

However, this set of the full mutually “quasi-diagonal” vertices does not satisfy
the requirement of space-time supersymmetry.

To solve the problem, we will use the fact that superpartners in the left sector
obtained by action the N = 1 supercharges Q, and Qs satisfy, as can be
checked, the all requirement on the left vertices defined above, including the
requirement of space-time supersymmetry. So we solve the problem by simply
adding these superpartners to the set of "quasi-diagonalvertices.

A similar technique can be used on the right side of full vertices, where instead
of N = 1 Poincaré supergenerators, the action of the E(6) algebra generators is
used to obtain E(6) partners.

The result of these operations leads to the fulfillment of the requirement of

N = 1 spacetime supersymmetry, E(8) x E(6) gauge symmetry and
preservation of mutual locality of complete vertex operators.
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Massless vertices in explicit form.

For phenomenological applications, the most important are the massless states
of the Heterotic string, compactified to four dimensions.

In this section we explicitly represent complete vertices for massless physical
states as products of suitable left and right vertices, where we omit the factor
exp (tppx*) in order to shorten notations.
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The gravity supermultiplets

First, we obtain expressions for the vertices of the gravitational supermultiplet,
including the graviton vertex

exp(—¢(2)) " (2) x 10x"(2)-
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The gauge supermultiplets

We also get the following expressions for the vertices of vector gauge
supermultiplets. The currents of E(8) are

V,.(2,7) = exp(—¢(2)) ¥"(z) x 10Y'(Z), I =1,...,8,
Viu(2,7) = exp(—0(2)) ¢ (2) x exp e V'] (2),

where the vectors € are the roots of E(8) algebra;
The vertices belonging to adjoint representation of SO(10) algebra

V,.a(z,7) = exp(—¢(z) ¥*(2) x 1004 (Z), a =1, ..., 5,
V,.,5(2,2) = exp(—¢(z) 9" (z) x exp [1paPa](Z),

where the vectors g are the roots of SO(10);
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The gauge supermultiplets
The vertex of U(1) algebra of the Calabi-Yau sector

Vi (2,7) = exp(—(2) ¥ (2) x Doy (7),
Aov(z) = Y (ifli + a7 X —a; X{).
i=1
We then extend the Eg x SO(10) x U(1) symmetry to Eg x Eg using 32 spinor
currents of SO(10) algebra J;, and J, given by (29)
TE(2) = exp (1waPa + %I_{cy)(i)
1 1
Wa = ii’ Zwa =3 mod 27,
TE(2) = exp (100 o + %ﬁcy)(z),
. 1 . 1
Wa = iE’ Zwa = —3 mod 27Z.
As a result we obtain the 32 additional currents of E(6) algebra
Vo (z,7) = exp(—¢(z) ¥"(2) x I5(2),
Vi (2,2) = exp(—¢(2) ¥"(z) x J;(2),

that together with the other 46 currents of SO(10) and U(1) form the
78-dimensional adjoint representation of E(6) algebra.
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27 and 27 supermultiplets

The third type are the vertex operators of 27 supermultiplet of E(6) algebra
whose right-moving factors belong to the 1-dimensional, 10-dimensional and
16- dimensional representations of S(10) algebra. The left-moving factors of all
these vertex operators belong to spinor reppresentation of N = 1 Super
Poincare algebra.

Thus, the vertex operators of the 27 supermultiplet include a 1-dimensional
representation of SO(10)

Vz.m(2,2) = exp <—%¢) +7-H+ %Héy) X exp (H_Rcy +m - )Z_),
the 10-dimensional representation of SO(10)
A — 1 R~ 1 L oo = _
Vi,m(2,Z) = exp f§¢> +10-H+ iHcy xexp(iN-®+m-X"),
and the 16-dimensional spinor representation of SO(10)
5 _ 1 L o= 1 4 R L oo
Vs w(2,2) = exp —§q5 +17-H+ iHCY (z)xexp [ iw- P+ §HRCY +m-X" ),
where m € AT, A= (£1,0,0,0,0) + permutations.
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27 and 27 supermultiplets

The condition m € A" means that the number 27 of supermultiplets is equal
to the number of dots m of the Batyrev polyhedron corresponding to the
Calabi-Yau manifold of the Heterotic string model under consideration.
Explicit expressions for the other vertices of the 27 supermultiplet can be
obtained by acting through OPE on these vertices by the generators of the

N = 1 Poincaré superalgebra. The similar actions we obtain the set of vertices
of the 27 supermultiplet.

Note that this operation does not break the mutual locality between the
extended set of vertex operators that was between the original ones.
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Singlet supermultiplets
The final, fourth class of vertices that satisfies all the requirements of our
construction is the N = 1 supermultiplets, which are E(8) x E(6) singlets.
The first type of the singlet vertices is

>l

1 = 1 _ -
Vs m,a(2,2) = exp <—§¢ +w0-H+ iHIaY) X exp(i - +1i-XH),
where the vectors m € A", i € A~ and their product m - i@ = 0.
The second type of the singlet vertices is

Vi m(2,2) = exp (—%é +a5 -1+ %Héy> x> " m; exp (—iH; + 1 - X7)(2),

where m € A™,
The third type of the singlet vertices is

Vi,i(z,2) = exp (—%@3 +15 - H+ %Héy) x > niexp (iH; + i - X),

where i € A™.

For the case when Calabi-Yau sector is defined by the Quintic polynomial we
find a total number of E(8) x E(6) singlets, which is coincide with the result of
Gepner.
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Conclusion

In this paper we developed a method for explicitly constructing the models of
Heterotic string compactified on the product of a torus of the Lie algebra
E(8) x SO(10) and general Calabi-Yau manifolds of Berglund-Hubsch type.
The construction uses Batyrev-Borisov combinatorial approach together with
the use of Vertex algebra of free bosonic and fermionic operators to construct
the Vertex algebra of the CY sector.

We used the requirement for the simultaneous fulfillment of mutual locality of
the left-moving vertices with the space-time symmetry generators and of
right-moving vertices with generators of E(8) x E(6) gauge symmetry together
with the requirement of mutual locality of complete (left-right) vertices of
physical states.

This work is supported by the Russian Science Foundation grant 23-12-00333.
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